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We ompute the renormalization group ow of the long-ranged eletron-eletron interation at the
Gross-Neveu quantum ritial point between the semimetal and the exitoni insulator in graphene,
perturbatively in the small parameter ǫ = d−1, with d as the spatial dimension. The O(ǫ) orretion
to the usual beta-funtion makes the long-range interation only more irrelevant at the ritial than
at the Gaussian xed point. A weak long-range tail of the Coulomb interation is found to be
marginally irrelevant also in arbitrary dimension when the number of Dira fermions is large. Its
ultimate irrelevany notwithstanding, it is shown that the metal-insulator transition may still be
indued by inreasing only the long-range tail of the Coulomb interation.
Inreasing the strength of eletron-eletron intera-
tions relative to the bandwidth is expeted to trans-
form graphene from its usual semi-metalli phase into the
gapped Mott insulator. This quantum phase transition
has been studied by a variety of numerial [1, 2, 3, 4℄
and analytial [5, 6, 7, 8, 9℄ tehniques, and it repre-
sents a ondensed matter analog of the partile physis
phenomenon of hiral symmetry breaking. Graphene
provides 2+1-dimensional Dira fermions [10℄ where the
presene of two valleys and two spin states result in
SU(4) hiral symmetry, whih an be broken to SU(2)×
SU(2) while still preserving parity and time reversal in-
variane. Similar systems have been studied [11℄-[13℄ as
toy models of strong oupling behavior in quantum hro-
modynamis and tehniolor theories. In graphene, this
results in breaking of the sublattie symmetry and gap-
ping the eletron spetrum. Generation and ontrol of
suh a gap is of great importane to potential applia-
tions in eletronis [14℄.
One issue of ontention is the preise role in the meh-
anism of the transition of the long-ranged ∼ 1/r tail
of Coulomb interation, whih remains unsreened when
graphene is at the Dira point. Whereas the initial ana-
lytial alulations based on the Shwinger-Dyson equa-
tions [5, 6℄ found that the long-range interation is ru-
ial and leads to an essential singularity in the free en-
ergy, reent numerial alulations [4℄ nd only a regular
seond-order transition. The analyti expansion around
the exatly solvable three-dimensional limit of the the-
ory [9, 13℄ also yields a regular ritial point at whih
a weak long-range interation may be shown to repre-
sent a marginally irrelevant perturbation. In the present
study we omplement these results by showing that a
weak unsreened ∼ 1/r tail of the eletron-eletron re-
pulsion remains a marginally irrelevant perturbation for
an arbitrary number of Dira fermion omponents N at
the metal-insulator quantum ritial point near one spa-
tial dimension, as well as for large N in arbitrary spa-
tial dimension. This is aomplished by omputing the
rst orretion to the beta-funtion of the long-range ou-
pling onstant, whih we shall heneforth all the harge.
This orretion is O(ǫ) relative to the leading term, with
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FIG. 1: Shemati renormalization-group ow in the infrared
for the metal-insulator transition in graphene. gˆ is the (di-
mensionless) short-range, and eˆ2 the long-range omponent
of the Coulomb eletron-eletron interation. GN and G are
the ritial Gross-Neveu and the Gausian xed points, respe-
tively.
ǫ = d− 1, and its sign is suh that the ow of the harge
towards zero, although logarithmi in either ase, be-
omes faster at the quantum ritial than at the Gaussian
xed point (Fig. 1). The renormalization-group ow also
implies that the transition may be tuned by the harge
alone, and an then our even at a sub-ritial value of
the short-range interation.
We onsider the simplest Gross-Neveu Lagrangian that
should sue to desribe the quantum phase transition
into the gapped exitoni (harge-density-wave) phase
with inrease of nearest-neighbor repulsion in graphene,
tuned to be at the Dira point [7, 8℄,
L = Ψ¯αγ0(∂0 + ia)Ψα + vΨ¯αγi∂iΨα (1)
−g(Ψ¯αΨα)
2 +
1
2e2d
a|∇|d−1a.
The short-range oupling g > 0 is proportional to the
nearest-neighbor repulsive interation [7℄, and the four-
omponent Dira fermion Ψα is dened using the on-
ventions of [7, 8℄. For generality we will assume an arbi-
trary number of Dira fermions N , so α = 1, 2, ...N . For
physial spin-1/2 eletrons N = 2. The Dira matries
2satisfy the standard Cliord algebra in Eulidian spae-
time {γµ, γν} = 2δµν . For simpliity, we do not onsider
the transition to a spin-density wave phase [7, 9℄. Our
alulation an easily be modied to onsider that ase
as well and the onlusion would be similar.
Integration over the gauge eld a introdues the in-
stantaneous density-density long-range interation
Ψ¯αγ0Ψα(~x, τ)
e2
2|~x− ~y|
Ψ¯αγ0Ψα(~y, τ), (2)
in any spatial dimension d, provided that we dene
e2d = e
2(4π)ǫ/2Γ(ǫ/2), (3)
and ǫ = d−1. Note that as ǫ→ 0 the oupling ed dened
this way diverges. This reets the fat that the Fourier
transform of ∼ 1/r interation in d = 1 is ∼ ln(k) [15℄.
We will onne out attention to the region d > 1 in the
following.
Let us rst outline our method and prinipal result.
Sine the inverse of the gauge-eld propagator is a non-
analyti funtion of the momenta for dimensions 1 < d <
2, the oupling ed annot renormalize [16℄, and
de2
d ln Λ
= 0, (4)
where Λ is the ultraviolet uto. The instantaneous long-
range interation does not respet the Lorentz invariane,
however, and onsequently renormalizes the Fermi velo-
ity. At a momentum sale k ≪ Λ one expets the veloity
to beome
v(k) = v+ade
2
d ln(
Λ
k
)+bde
2
dgˆ[ln(
Λ
k
)]n+O(
e4d
v
, e2dgˆ
2), (5)
where ad and bd are d-dependent numerial oeients,
and gˆ = gΛǫ/π is the dimensionless short-range oupling.
The oeient ad for d = 2 has been omputed earlier
[7, 17, 18, 19℄. Sine v(k) is a physial observable it must
be independent of the arbitrary uto Λ, i. e.
dv(k)
dΛ
= 0, (6)
at all momenta k. This ondition of renormalizability of
the eld theory in Eq. (1) an be satised only if the
power of the logarithm in the third term in Eq. (5) is
n = 1, and if dgˆ/dΛ = 0. Sine the beta-funtion for the
Gross-Neveu oupling, as it will be shown later, reads
dgˆ
d ln Λ
= ǫgˆ+(1−
2
ǫ
)gˆeˆ2−2(2N−1)gˆ2+O(gˆ2eˆ2, gˆ3), (7)
where eˆ2 = e2/πv is the dimensionless harge whih mea-
sures the strength of the long-range oupling relative to
the Fermi veloity, the ondition of renormalizability at
eˆ2 = 0 is satised only at the xed points: 1) Gaussian,
gˆG = 0, and 2) the ritial gˆc = ǫ/(2(2N − 1)) + O(ǫ
2).
Eqs. (5) and (6) yield then the beta-funtion for the
Fermi veloity
dv
d ln Λ
= −e2d(ad + bdgˆ
∗). (8)
gˆ∗ is one of the above two xed points. We an then
reast Eqs. (4) and (8) together as the equation for the
dimensionless harge
deˆ2
d ln Λ
= eˆ4π(4π)ǫ/2Γ(ǫ/2)(ad + bdgˆ
∗). (9)
Both of the oeients ad and bd turn out to be O(ǫ).
Therefore the divergent ∼ 1/ǫ prefator in the last equa-
tion anels. We thus nd a regular expansion of the
beta-funtion for the dimensionless harge in powers of ǫ
and eˆ2,
deˆ2
d ln Λ
= eˆ4
(
1 +
ǫ
2(2N − 1)
+O(ǫ2/N)
)
+O(eˆ6). (10)
There are two notable features of the last expression.
First, the O(ǫ) orretion has the same sign as the lead-
ing term. As a result, the long-range interation is in fat
more irrelevant in the infrared, although still marginally
so, than at the Gaussian xed point. Seond, the orre-
tion is O(1/N). Therefore, for a large number of Dira
fermions, the Coulomb interation is also marginally ir-
relevant in all dimensions. Together with the previous
analysis near three spatial dimensions [9℄ this means that
a weak long-range tail of Coulomb interation is an irrel-
evant perturbation at the Gross-Neveu metal-insulator
quantum ritial point in all perturbatively aessible
regimes of the theory.
The beta-funtion for the short-range oupling in Eq.
(7), besides the usual terms [7, 8℄ obtains the ontribu-
tion from the long-range Coulomb interation. The sign
of this term is negative, so that there is a trajetory in
the region gˆ < gˆc that ows right into the ritial point
and separates the ows towards the semimetalli and the
insulating ground states, as depited in Fig. 1. The neg-
ative sign is ruial to this result, whih we may have
expeted on physial grounds: that an inrease of the
harge alone should take the semimetal towards the in-
sulator. This situation may be analogous to the one in
3 + 1-dimensional quantum eletrodynamis, where the
hiral-symmetry-breaking transition may also be tuned
by the eletromagneti harge, but the ritial behav-
ior seems, on the other hand, to be ontrolled by the
Nambu-Jona-Lasinio theory with only short-range inter-
ations [20, 21℄.
Let us now present the alulational details. The log-
arithmi terms in Eq. (5) derive from the diagrams in
Figs. (2)-(3). Diagrams in Fig. (3), however, do not
ontribute to the renormalization of the Fermi veloity.
Sine the xed-point interation is a ontat interation,
the diagram in Fig. (3b) vanishes, whereas the diagram
in Fig. (3) is independent of the external momentum.
The diagram in Fig. (3a), whih is also the only dia-
gram to this order whih would be of order N , vanishes
3FIG. 2: One- and two-loop diagrams that renormalize the
Fermi veloity. The wavy line is the long-range interation,
and the dashed line is the ontat xed-point interation.
as well beause it is proportional to the fator Trγ0 = 0
that aompanies the fermion loop. This implies that
both the oeients ad and bd as far as the number of
Dira fermions N is onerned are O(1). Sine the xed
point interation is gˆc ∼ 1/N , it guarantees that the rst
orretion to the Gaussian result is also O(1/N).
One is therefore left with the diagrams in Fig. (2) to
ompute. Dening the self-energy from the Dira fermion
propagator G(k) as
G−1(k) = ik0γ0 + ivkiγi +Σ(k), (11)
where the d + 1-momentum k = (k0, ~k), we an write
both ontributions together as
Σ(k) = ie2d
∫
dq
(2π)d+1
qα + kα
|~q|ǫ(q + k)2
{−γ0γαγ0 + (12)
2g(γµγ0γνγαγ0 + γ0γαγνγ0γµ)Iµν(q)},
where dq = dq0d
d~q, and the integral
Iµν(q) =
∫
dp
(2π)d+1
pµ(p+ q)ν
p2(p+ q)2
. (13)
We have set the Fermi veloity in the last two equations
to v = 1 for notational simpliity. Sine the integral over
the momentum q in the rst term is only logarithmially
divergent in the infrared, for the divergent part of the self-
energy we need to inlude only the q = 0 limit of Iµν (q).
In any d > 1 the integral Iµν(q) is infrared onvergent
and may be easily omputed to be
Iµν(q) =
Λǫδµν
4πǫ
+O(qǫ) (14)
when ǫ≪ 1. On the other hand,
δµν(γµγ0γνγαγ0 + γ0γαγνγ0γµ) = 2(1− d)γ0γαγ0, (15)
where we analytially ontinued the identity γiγi = d to
arbitrary spatial dimension d. The self-energy therefore
simplies into
Σ(k) = −ie2dγ0γαγ0(1 +
gΛǫ
π
)
∫
dq
(2π)d+1
qα + kα
|~q|ǫ(q + k)2
,
(16)
and beomes simply proportional to the leading ontri-
bution. The remaining integral may be performed in ar-
bitrary dimension d > 1, and it yields
Σ(k) =
(1 − d−1)e2d
Γ(d/2)2dπd/2
(1 +
gΛǫ
π
) ln(
Λ
k
)ikiγi. (17)
(a)
(b)
(c)
FIG. 3: The remaining three two-loop diagrams that do not
ontribute to the Fermi veloity renormalization.
In the limit d → 1 the diverging part of the self-energy
therefore beomes
Σ(k) =
e2
π
(1 + gˆ) ln(
Λ
k
)ikiγi. (18)
Replaing the Gross-Neveu oupling gˆ with its O(ǫ) rit-
ial value the last result may be reast as in Eq. (10).
We turn now to the alulation of the beta-funtion
of the short-range oupling in presene of the long-range
Coulomb interation. Sine the Coulomb oupling vio-
lates eetive Lorentz invariane of the Gross-Neveu La-
grangian, the engineering dimension of the short-range
oupling onstant reeives an additional ontribution
from a non-trivial dynamial exponent z, and it is equal
to ǫ− (z − 1). The beta-funtion of the short-range ou-
pling then beomes
dgˆ
d ln Λ
= (ǫ− z+1)gˆ− 2(2N− 1)gˆ2+ cdeˆ
2gˆ+O(gˆ2eˆ2, gˆ3),
(19)
where the third term arises from the diagrams shown in
Fig. 4, and the term proportional to gˆ2 yields the usual
beta-funtion for the Gross-Neveu oupling in the ab-
sene of other interations [7, 8℄. In fat, only the di-
agram in Fig. 4a renormalizes the short-range oupling,
g → g + δg, where
δg = −
4π
ǫ
eˆ2g
∫
dq
(2π)d+1
1
(q + k)2|~q|ǫ
. (20)
This integral may be performed in arbitrary dimension
d > 1, similarly to the one in Eq. (17), and in the limit
d→ 1 its diverging part has the form
δg = −
2
ǫ
eˆ2g ln(
Λ
k
), (21)
4(a) (b)
FIG. 4: Renormalization of the Gross-Neveu oupling due to
the long-range Coulomb interation.
yielding cd = −2/ǫ in Eq. (19). The remaining dia-
gram in Fig. 4b does not renormalize the Gross-Neveu
oupling, but generates a new short-range oupling of
the form (Ψ¯γ0~γΨ)
2
, whih is irrelevant lose to the rit-
ial point. An analogous situation arises in the (2 + 1)-
dimensional quantum eletrodynamis with the addi-
tional Gross-Neveu interation [22℄. The irrelevane of
the generated short-range interation also agrees with
the emergent Lorentz invariane in graphene [8℄. Finally,
identifying the right-hand side of Eq. (8) as being pre-
isely (z − 1)e2d [7℄ yields the beta-funtion of the Gross-
Neveu oupling as in Eq. (7).
Remarkably, it is possible to obtain the expliit solu-
tion of the ow-equations in Eqs. (7) and (10). Sine
the long-range Coulomb interation is marginally irrele-
vant in the infrared, it is onvenient to ast the two ow
equations in the form
e4dg/de2 = ǫg − 2(2N − 1)g2 − (2/ǫ− 1)ge2, (22)
where we dropped the hats on the dimensionless ou-
plings, and negleted the term ∼ ǫ in Eq. (10). General
solution of this dierential equation reads
g(e2) = gc
(ǫ/e2)(2/ǫ−1)e−ǫ/e
2
C + Γ(2/ǫ, ǫ/e2)
, (23)
with C as the integration onstant, Γ(a, b) ≡∫
∞
b
ta−1e−tdt. Depending on the initial ondition, Eq.
(23) desribes the infrared ow of the short-range ou-
pling towards either zero or innity. The trajetory end-
ing exatly at the ritial point as the harge ows to
zero, g(e2 → 0) = gc, separates two regions with dier-
ent asymptoti behavior of the ow in the infrared, as
in Fig. 1. The separatrix is obtained by setting C = 0
in Eq. (23), so that the solution near the Gross-Neveu
ritial point beomes
g(e2)
gc
= 1−
2− ǫ
ǫ2
e2 +O(e4). (24)
The separatrix therefore lies in the region g < gc, and
approahes the ritial value of the Gross-Neveu oupling
as the harge ows to zero linearly.
To summarize, we have omputed the beta-funtion
governing the ow of the long-range tail of the Coulomb
interation at the Gross-Neveu metal-insulator quantum
ritial point in an expansion near one spatial dimension.
The eet of the short-range Gross-Neveu interation is
to render the harge more (marginally) irrelevant than at
the Gaussian xed point. We disussed how the form of
the ow diagram implies that the (irrelevant) harge is
nevertheless a possible tuning parameter for the metal-
insulator transition in graphene.
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